Abstract. We show that finite products of uniformly noncreasy spaces with a strictly monotone norm have the fixed point property for nonexpansive mappings. It gives new and natural examples of superreflexive Banach spaces without normal structure but with the fixed point property.
Introduction
Let X be a Banach space and C be a nonempty, bounded, closed and convex subset of X. We say that X has the fixed point property (FPP for short) if every nonexpansive mapping T : C → C (i.e., T x − T y ≤ x − y , x, y ∈ C) has a fixed point. We say that E has the weak fixed point property (wc-FPP for short) if we additionally assume that C is weakly compact. The celebrated fixed point theorem of W. A. Kirk [9] asserts that every Banach space with the so-called normal structure has wc-FPP. For a detailed exposition of metric fixed point theory we refer the reader to [1] , [2] and [7] .
The notion of uniformly noncreasy spaces was introduced by S. Prus in [15] to describe a large class of superreflexive Banach spaces with the fixed point property. Let us recall that a real Banach space X is uniformly noncreasy (UNC for short) if for every ε > 0 there is
To be precise, we put diam ∅ = −∞. Obviously, if X is uniformly noncreasy, then it is noncreasy. It was proved in [15] that all uniformly noncreasy spaces are superreflexive and have FPP. The Bynum space l 2,∞ (which is l 2 space endowed with the norm x 2,∞ = max { x + 2 , x − 2 }; see [4] ) and the space X √ 2 (which is l 2 space endowed with the norm x √ 2 = max x 2 , √ 2 x ∞ ; see [3] ) are examples of uniformly noncreasy spaces without normal structure.
One of the important problems in metric fixed point theory are the permanence properties of normal structure and other conditions which guarantee the fixed point property under the direct product operation (see [17] and the references given there).
Let Z be a finite dimensional normed space (R k , Z ) which has a strictly monotone norm. That is,
We prove that Z direct products of uniformly noncreasy spaces with a strictly monotone norm have the fixed point property for nonexpansive mappings. A certain extension of this theorem for spaces with the so-called property (P ) (see [18, 19] ) is also shown. We note that our results go beyond the conditions which guarantee normal structure and give new examples of Banach spaces without (weak) normal structure but with the (weak) fixed point property.
Results
Let us recall [14] that a set A of a Banach space X is said to be metrically convex if for every x, y ∈ A with x = y there exists z ∈ A, x = z = y such that x − z + y − z = x − y . It is not difficult to see that if A is closed, this condition is equivalent to the following one: for every x, y ∈ A there exists z ∈ A such that
.., X k with a strictly monotone norm. Denote by P i , i = 1, ..., k, the coordinate projections of ( 
and
We may assume that x − y = 1. Since A is closed and metrically convex, then by Menger's theorem [14] (see also [7] ) there exists an isometry ϕ : 
which is a contradiction with the fact that ϕ is an isometry. Moreover 
Proof. We may assume that
and the same holds for −g. This means that
(note that a similar argument is used in [15, Theorem 9] ). Thus w = βx + αy and consequently w ≤ 1.
We can now prove our main result. We recall that the ultrapower X (or (X) U ) of a Banach space X is the quotient space of It is not difficult to see that X is superreflexive. Let us assume that X does not have FPP. Then we can find a nonexpansive mapping T and a minimal invariant set K ⊂ X for T . We may assume that 0 ∈ K and diam K = 1. Let x n be an approximate fixed point sequence in K which converges weakly to 0. Then x n (i) also converges weakly to 0, where x n = (x n (1), ..., x n (k)). It follows from the Goebel-Karlovitz lemma that we can assume that lim n,m,n =m x n − x m = 1. Just as in [5] (see also [17, Proposition 4 .1]) we can also assume that lim n x n (i) = a(i) and lim n,m,n =m then (a(1) , ..., a (k)) Z < (l(1), ..., l (k)) Z and we would have a contradiction.
Let f n (i) ∈ S X * i be functionals such that (f n (i)) (x n (i)) = x n (i) . Applying ktimes the procedure from [15] we can find a subsequence x n l with (f n l (i)) (x nm (i)) ≤ min{ 
